In this paper, free convection heat transfer in an annulus between confocal elliptic cylinders lled with CNT-water nano uid is investigated numerically. The inner cylinder is in constant surface heat ux, while the outer wall is isothermally cooled. Equations of continuity, momentum, and energy were formulated using the dimensionless form in elliptic coordinates for two-dimensional, laminar, and incompressible ow under a steady-state condition, and expressed in terms of vorticity and stream function. The governing equations were discretized by the control volume method. For the thermophysical properties of CNTs, empirical correlations were used in terms of the volume fraction of nanoparticles. For the e ective thermal conductivity of CNTs, a new model was used. Modi ed Rayleigh number (10 3 Ra m 10 6 ) and volume fraction of nanoparticles (0 0:12). The eccentricity of the inner and outer ellipses and the angle of orientation were xed at 0.9, 0.6, and 0 , respectively. Results were presented in the form of streamlines, isotherm contours, and distribution of temperature and local and average Nusselt numbers on solid boundaries. The results were also discussed in detail, demonstrating that very good agreement exists between the present results and those from the literature.
Introduction
Colloidal suspensions of ne nanomaterials in the size range of 1-100 nm in carrier uids are known as nano uids and are characterized by higher thermal conductivity than the base uid. This higher thermal conductivity helps enhance the rate of heat transfer in practical applications such as heat exchangers, solar ied heat transfer enhancement using CNT-based non-Newtonian nano uids. Xu et al. [13] studied the energy dissipation behavior of multi-walled carbon nanotube (MWCNT) based nano uid and determined the optimum length of the carbon nanotube. Harish et al. [14] analyzed the reason behind the enhancement of thermal conductivity of ethylene glycol-based single-walled carbon nanotube (SWCNT) inclusions, and found that the three-dimensional structure of the SWCNT was responsible for it. Kumaresan et al. [15] analyzed the heat transfer by convection of a secondary refrigerantbased CNT nano uid in a tubular heat exchanger, and reported that the e ect of friction factor was very negligible for the 0.15 volume fraction of the nano uid. Youse et al. [16] investigated the e ect of multi-walled carbon nanotube-water nano uid on the e ciency of a solar collector, and reported that an increase in the weight fraction from 0.2 to 0.4% increased the e ciency signi cantly. Kumaresan et al. [17] studied convective heat transfer characteristics of CNT nano uids in a tubular heat exchanger of di erent lengths for energye cient cooling/heating system. Halelfadl et al. [18] studied the e ect of variations in viscosity on temperature and concentration of CNT-water nano uids. Rahman et al. [19] investigated the application of a CNT-lled pipe for a circular thermal solar collector system. They observed that both solid volume fraction and tilt angle played a vital role in the heat transfer augmentation, and a good heat transfer characteristic can be obtained through a compromise between these two parameters. Rahman et al. [20] investigated numerically the unsteady natural convection heat transfer and uid ow in a square cavity lled with CNTwater nano uid with non-isothermal heating. They found that there was an optimum value for nano uid volume fraction to control heat transfer, temperature distribution, and ow eld. Tayebi et al. [21] reported a numerical investigation of laminar natural convection uid ow and heat transfer characteristics of CNTwater nano uid in a square cavity with power-law variation wall temperature. Recently, Al-Rashed et al. [22] numerically evaluated entropy generation inside an inclined cubical di erentially heated cavity lled with CNT-water nano uid with a conductive inner Ahmed body using a nite volume method based on 3D vorticity-vector potential formalism. The results are presented with total and local entropy generations and Bejan number. By applying the same method, Al-Rashed et al. [23] studied numerically the convective heat transfer and entropy generation in a threedimensional cavity lled with CNT-water nano uid and equipped with adiabatic-driven ba e. The e ects of motion direction of the inserted driven ba e and CNT concentration on heat transfer and entropy generation are investigated.
The investigation of natural, forced, and mixed convection transport in an annular passage is among the most important heat transfer studies owing to its presence in several applications ranging from heat exchangers to reactors, gas turbines, chemical industries, etc.
Heat transfer in a nano uid owing in a horizontal annulus is a particularly interesting problem. Therefore, considerable research has been done for the case of concentric and eccentric horizontal circular annuli [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .
Many researchers have analyzed heat transfer and uid ow with di erent boundary conditions in a horizontal elliptic annular passage. Lee and Lee [36] attempted to simulate the natural convection problem in terms of elliptical coordinates for the symmetrical cases of elliptical annuli and performed experiments on this geometry with a few cases. Schreiber and Singh [37] studied the cases in horizontal confocal elliptical cylinders oriented at an arbitrary angle with respect to the gravity vector in the same coordinate system. Elshamy et al. [38] studied numerically laminar convection in a horizontal confocal elliptical annulus and developed practical correlations for the average Nusselt number. Cheng and Chao [39] performed a numerical study of heat transfer and uid ow in a horizontal eccentric annular passage with inner and outer elliptical annuli. A signi cant improvement in heat transfer rate was observed due to the buoyancy strength created by uid motion. Mota et al. [40] used Darcy-Boussinesq equations to predict natural heat transfer in a horizontal eccentric elliptic annulus containing a saturated porous medium. A greater enhancement of heat transfer was noted for the eccentric elliptical annular passage in comparison to the concentric annular passage. Hirose et al. [41] experimentally and numerically studied uid ow and heat transfer in a horizontal eccentric annular passage with a cooled inner circular cylinder and a heated outer elliptical cylinder. They showed the e ect of the oriented angle and eccentric con guration on heat transfer enhancement. Zhu et al. [42] numerically studied the natural convective heat transfer between two horizontal elliptic cylinders using the Di erential Quadrature (DQ) method. A systematic study was conducted to analyze ow and thermal elds at di erent eccentricities and angular positions. It was found that the position of the major axis of the inner ellipse had e ect on the streamlines and minor e ect on the average Nusselt number. Forced and mixed convection cases in the annulus between two horizontal confocal elliptical cylinders were numerically studied by Zerari et al. [43] , concluding that heat transfer in natural convection could be improved with an increase in Grashof number. Recently, Bouras et al. [44] performed a numerical computation for double-di usive natural convective ow in an annular space between confocal elliptic cylinders lled with a Newtonian uid. Uniform temperatures and concentrations are imposed along the walls of the enclosure so as to facilitate thermal and mass buoyancy forces within the uid. Equations of concentration, energy, and momentum were formulated using the dimensionless form of transport equations in elliptic coordinates for laminar two-dimensional incompressible ow, expressed in terms of stream function, vorticity, temperature, and concentration. The coupled di erential equations were discretized by the nite volume method. They found that both heat and mass transfer increased by increasing Rayleigh number. At a large Rayleigh number, iso-concentrations exhibit a plume as isotherms. However, the mass plume becomes stronger and di uses through the annular space, since Lewis number is greater than 1.
The subject matter of heat transfer of nano uids in a horizontal elliptic annulus has received insignicant attention in the related literature. Izadi et al. [45] investigated laminar forced convection in Al 2 O 3 -water nano uid numerically in a two-dimensional annulus with a single-phase approach. The tubes of elliptic cross-section drew particular attention, since they were found to create lower resistance to the cooling uid, resulting in low pumping power. Numerical simulations of three-dimensional laminar mixed convective heat transfers for di erent nano uids ow in an elliptic annulus with constant heat ux were studied by Dawood et al. [46] . A numerical analysis was carried out by solving the governing equations of continuity, momentum, and energy using the Finite Volume Method (FVM) with the assistance of SIMPLE algorithm. Four di erent types of nano uids Al 2 O 3 , CuO, SiO 2 , and ZnO with di erent nanoparticle sizes of 20, 40, 60, and 80 nm and di erent volume fractions ranging from 0% to 4% using water as a base uid were used. They found that SiO 2 -water nano uid had the highest Nusselt number, followed by Al 2 O 3 -water, ZnO-water, CuO-water, and lastly pure water. The Nusselt number increased as the nanoparticle volume fraction and Reynolds number increased; however, it decreased as the nanoparticle diameter increased. Recently, Tayebi et al. [47] and Tayebi and Chamkha [48] numerically investigated natural convection enhancement in an annulus between two confocal elliptic cylinders lled with a nano uid [47] and hybrid nano uid [48] . The inner cylinder is heated at a constant surface temperature, while the outer wall is isothermally cooled. The basic equations are formulated in elliptic coordinates and developed in terms of the vorticity-stream function formulation. Results are presented in the form of streamlines, isotherm plots, and local and average Nusselt numbers.
It is clear from the above literature survey that the heat transfer by natural convection of CNT-water nano uid in the annulus between two elliptical cylin-ders is not studied in earlier works completely. This study intends to use CNT-water nano uid as new working uid to study numerically the enhancement of natural convection ow and heat transfer in an annulus bounded by two confocal horizontal elliptical cylinders. The e ects of pertinent parameters such as Rayleigh number and solid volume fraction are examined. The outer surface of the elliptical cylinder is kept at a constant temperature (as is cold), while the inner surface is kept at a constant heat ux. A wide range of solid volume fractions of 0% to 12% has been investigated at Rayleigh numbers ranging from 10 3 to 10 6 . The eccentricity of inner and outer ellipses and the angle of orientation are xed at 0.9, 0.6, and 0 , respectively.
Mathematical formulation and numerical solution
The con guration considered in this study is an annulus formed by two confocal elliptic cylinders lled with water-based nano uid containing CNTs nanoparticles (see Figure 1 ). The natural convection is modeled by solving continuity, momentum, and energy equations. The inner cylinder is heated by a constant heat ux, q, while the cold outer wall is heated at constant temperature T c . Since the cylinders are long enough, the ow is considered to be two-dimensional. The base uid (water) and the solid nanoparticles (CNTs) are in thermal equilibrium. The thermo-physical properties of the nano uid are considered constant with the exception of the density, which varies according to the Boussinesq approximation.
The model is formulated using elliptical coordinates that are natural for this problem since the physical boundaries are identi ed with constant value coordinates. The dimensional transformation from 
where a is the half-elliptical focal distance:
The governing equation for the problem is written in elliptical coordinates based on the Boussinesq approximation as follows:
-Energy equation:
The vorticity is de ned by:
where h is the dimensional metric coe cient of the transformation from the Cartesian to the elliptical coordinates: 
A grid is employed in the present work whose constant values are associated with elliptic curves, whereas its constant values generate lines that join the two walls (see Figure 2 ).
The corresponding eccentricities of the inner and outer cylinders are given as follows:
The e ective density of the nano uid is as follows:
Thermal di usivity of the nano uid is:
The heat capacitance of the nano uid is given as:
The thermal expansion coe cient of the nano uid can be determined by:
The e ective dynamic viscosity of the nano uid given by Brinkman [50] is: In Eq. (10), K nf is the e ective thermal conductivity of the nano uid. This study utilizes the model of Xue [51] ; it is a theoretical model based on Maxwell theory that considers rotational elliptical nanotubes with very large axial ratios and compensates the e ects of the space distribution on CNTs:
To convert the governing equations into a dimensionless form, the following dimensionless variables are introduced as follows:
The governing equations are written in the following dimensionless form: 
The dimensionless boundary conditions are:
Inner cylinder wall ( = 1 =constant):
Outer cylinder wall ( = 2 =constant):
In the above equations, the Prandtl number (Pr) and the modi ed Rayleigh number (Ra m ) are de ned as follows:
The local Nusselt number for the inner cylinder wall is calculated as follows:
The mean Nusselt number is calculated:
The integral in this equation is approximated with the aid of Simpson's method. The physical domain of the annulus is complex and, therefore, is transformed into a rectangular domain with a mapping, which enables the equations to be discretized on an orthogonal uniform mesh. The generated 2D mesh grid, including physical and computational grids, is shown in Figure 2 .
The governing equations along with the boundary conditions are discretized using a coupling of two di erent methods. The nite volume technique was proposed and improved by Patankar [52] , where the convective and di usive terms in the governing equations were discretized using the power-law scheme, while the elliptic equation (stream function equation) was solved by the centered-di erence method [53] . The iterative method used for the numerical solution of resultant algebraic equations is the Gauss-Seidel using the Successive Under-Relaxation Method (SURM).
As a convergence criterion, 10 8 is chosen for all dependent variables, and the value of 0.75 is taken for under-relaxation parameter.
The following criterion has been used to check for converged solution: max n+1 i;j max n i;j max n+1 i;j 10 8 ; (22) where n + 1 designates the current iteration and n is the previous iteration; stands for T ; ! or , and i; j refer to space coordinates.
An accurate representation of vorticity at the inner and outer wall surfaces is the most critical step in the stream function-vorticity formulation. A fourth-order accurate formula is used for the vorticity boundary condition. For example, the vorticity at the inner wall is expressed as follows:
In order to determine a proper grid for the numerical simulations in the present code, an extensive mesh testing procedure was conducted to guarantee a grid-independent solution. Seven di erent grids were employed. The variations of average Nusselt numbers of inner wall with the grid number are given in Table 1 ; in the case of inclination angle = 0 , the eccentricity of the inner and outer cylinders is " 1 = 0:9 and " 1 = 0:6, respectively when Ra m = 10 6 and = 0:04. Based on the results of this table, it is decided to choose 51 101. Table 2 shows the mean Nusselt number of inner and outer surfaces calculated under the same conditions as those used by Elshamy et al. [38] , Zhu et al. [42] , and Bouras et al. [44] in order to compare the results of the present code with those obtained by them. Very good agreement was achieved.
Results and discussion
In this investigation, free convection heat transfer in a horizontal annulus formed by two confocal elliptic cylinders lled with nano uid was studied numerically. The uid in the annulus is CNT-water nano uid. The thermo-physical properties of CNTs nanoparticles and water are given in Table 3 . The results of various values of modi ed Rayleigh number (Ra m = 10 3 , 10 4 10 5 , and 10 6 ) and volume fraction of CNT nanoparticles ( = 0%, 4%, 8%, and 12%) are obtained. The eccentricity of the inner and outer ellipses and the angle of orientation are xed at " 1 = 0:9 and " 1 = 0:6, and = 0 , respectively. The Prandtl number of water is 6.2. A Fortran source code for solving PDEs by means of a nite volume method is elaborated in this study.
First of all, to show the e ect of modi ed Rayleigh number on the isotherms and streamlines of pure uid (when = 0), results are presented in Figure 3 . At Ra m = 10 3 , conduction is the dominated mechanism for heat transfer compared to the convection, the isotherms are almost parallel, and concentric curves that follow the active wall's pro les and the magnitudes of stream functions are small. According to Figure 3 , as the Rayleigh number increases, the isotherms are 
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Ref. [38] Ref. [42] Ref. [44] distorted due to the domination of convective heat transfer and an increase in the density of the isotherms near the inner wall, meaning that the temperature gradients on the surfaces of the cylinders increase and, as a consequence, the Nusselt number increases. As for streamlines, it is observed that the structure of ow is formed by two symmetrical cells with anticlockwise (on the left side) and clockwise (on the right side) rotations for all situations. Moreover, it is observed that by increasing the Rayleigh number, the magnitude of streamlines increases, signifying convection dominant heat transfer within the annulus (the buoyancy force increases with the growth of Rayleigh number overcoming the viscous force; hence, heat transfer is dominated by convection). In addition, at high modi ed Rayleigh number (10 6 ), the central vortex of the main eddy deforms from an oval shape and the center of inner vortex moves upward because of the buoyancy e ect. A phenomenon is usually found at the bottom portion of the annulus, where the ow is inert and stably strati ed. Figure 4 illustrates the isotherms (left) and streamlines (right) for di erent values of CNTs nanoparticles when the convection is the dominant mode of heat transfer (Ra m = 10 6 ). As can be seen from the gures, with an increase in the solid volume fraction of nanoparticles, the vortices move upwards and the magnitude of stream functions increases. In this case, the isotherms are distorted and the plume appears above the inner cylinders. The intensity of the plume increases with the addition of CNTs nanoparticles; however, the inert region is reduced.
For the constant heat ux condition on the inner cylinder, the surface temperature is one of the important variables in the present study, since it can re ect the local heat transfer characteristics along the inner cylinder. The distribution of temperature along the inner ellipse at various Ra m and for the con guration under study is presented in Figure 5 . For a constant value of , as the modi ed Rayleigh number increases, the magnitude of the local dimensionless surface temperature of the inner wall decreases, which is indicative of a higher rate of heat transfer due to the stronger buoyancy ow in the annulus. For a constant value of Ra m , when increases, the local dimensionless surface temperature of the inner wall increases; this increase is more pronounced for high modi ed Rayleigh numbers.
The maximum temperature is always in the upper part of the inner cylinder, which corresponds to the angular position = 90 and decreases with an increase in the modi ed Rayleigh number for a xed value of For a given Ra m , the addition of the CNTs nanoparticles causes an increase in the magnitude of the maximum surface temperature. On the contrary, at Ra m =10 3 in which conduction is the main approach to heat transfer, the maximum temperature decreases with an increase in the volume fraction of CNTs.
The angular distribution of local Nusselt number (local heat ux) along the inner surface of the annulus of the geometry considered for di erent values of the CNT nanoparticle and for each modi ed Rayleigh number separately is depicted in Figure 6 . As is shown, the local Nusselt number along the inner cylinder is the inverse of the dimensionless surface temperature. The plume region presents the low values of Nusselt numbers (the minimum of the local Nusselt number is attained at the angular position ( = 90 ) for all Rayleigh numbers. It is observed that by increasing the Rayleigh number, e ect of convection increases, which leads to an increase in local Nusselt number; in addition, as Rayleigh number increases, the minimum and maximum values of local Nusselt number improve. Moreover, the local Nusselt number increases with an increase in the CNT nanoparticle volume fraction. Figure 7 illustrates the variation of the mean Nusselt number with the Rayleigh number for di erent values of the CNT nanoparticle volume fraction. As can be seen from the gure, for a xed value of the mean Nusselt number increases slowly at low Rayleigh numbers when the dominant mode of heat transfer is conduction. At high Ra m , the variation in average Nusselt number is more noticeable than that in low Rayleigh numbers (as Rayleigh number increases, the density of the isotherms near the inner cylinder increases, meaning that the temperature gradients on the surface of the cylinder increase and, as a consequence, the mean Nusselt number also increases).
For a better comparison, variations of the average Nusselt numbers with the volume fraction of the nanoparticles are shown in Figure 8 . It is observed that, at a xed value of the Rayleigh number, Nusselt number increases linearly by increasing CNTs nanoparticles. For a xed value of , when the Rayleigh number improves, the average Nusselt number increases, implying that the e ect of nanoparticles is more pronounced at low Rayleigh numbers than that at low Rayleigh numbers because of the greater heat transfer enhancement rate.
Conclusion
The present study investigated the natural convection heat of CNT-water nano uid in an annular space between confocal elliptic cylinders. The inner ellipse wall is under constant heat ux, while the outer one is kept at a constant cold temperature. The numerical results were obtained for di erent values of modi ed Rayleigh numbers and volume fraction of the CNTs nanoparticles. The eccentricity of the inner and outer ellipses and the angle of orientation were xed at 0.9, 0.6, and 0 , respectively. The following results of this study are presented below:
The contours of stream functions and isotherms are symmetric about the vertical line for all situations; The maximum temperature is always in the upper part of the inner cylinder, which corresponds to the angular position ( = 90 ); The maximum temperature decreases by increasing the modi ed Rayleigh number for a xed value of . For a given Ra m , the addition of the CNTs nanoparticles causes an increase in the magnitude of the maximum surface temperature; The addition of CNTs has a greater e ect on the thermal plume, which is developed on the top surface of the inner wall of the annulus ( = 90 ); The minimum values of local Nusselt number are corresponding to the existence of thermal plumes on the top surface of the inner circular wall of the enclosure ( = 90 ); The average Nusselt number is an increasing function of modi ed Rayleigh numbers; The increase of volume fraction of the nanoparticles causes a greater average Nusselt number, particularly at high Rayleigh numbers where the convection is the main heat transfer mechanism.
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